
3 5 Correspondence between he subalgebreo
and he subgroups

We would like to address the following questioni

Q let E be a he group with he algebrog
Et h be a subalgebra of g Io there a

subgroup of G naturally associated to

Exercise 3.71
Understand why we already answered to
this questo on we the case when h io

1 dimensional un the previous section

We all need some additional terminology
and some tool from differential geometry

Definition 3.72 Immenoidi embedded submomfoldo

Cat 6 N M be o smooth mop between
smooth manifolds Terme
1 We say that e is on immersion if App



y f
io injective PEN

2 We say that N o an immersed
submanifold of M if p io a one to one

immersion

3 If a is a one to one immersion that
to also a homeomorphism onto sto image
then we say that a co on embedding and
M io on embedded submanifold

Example 3.73

This is a example of an immersion

R
R

This is on example of immersed submanifold

R

Rao f R2
They are not examples of embeddings

Exercise 3 7 4

Understand in which sense on embedded submanifold



I
is the some as a regular submanifold Isee
Defination 3.10

O

We come back to our question and discuss

on example

Example 3.75

Let G T S'XS Then the he

algebra g of a comudes with the
he algebre of K2 i e R2 with
travel bracket

11 If h R 30 xk R then
h in a ke subalgebra of g and if
we Gt i 5 7 be defined
by i a 0,0 the its

103 5 is a regular submanifold
and a subgroup and he ICSI h

2 If h my ER y Ex then we

con Gt 6 R T2 be defined
as f e't e

at Then



io a one to one immersion and
R It is a subgroup of T2 and

on immersed submanifold with
ke algebra h However His
not a regular submanifold

The effectof the above Example 3.75 is that
ingeneral we cannot expect the Ge subgroup
dissociated to a he subalgebra to be
embedded

Letto introduce the relevant definition

Definition 3.76 ha subgroup
Let E be a he group We say that
Hic is a Ge subgroup of G if
11 His e he group
2 6 H E io on injective Le group
homomorphism

3 E H is on immersed submanifold i c

a 9 one to one immersione



the key theorem concerning
the correspondence

between lie sub algebras no he subgraupo
is the f bowing

Theorem 3.77

Let G be a he group with he algebra g Cat

Teg ha a he subalgebra Then there is

a unique connected he subgroup Hip of
G anch that Day h 5 where h
is the Ge algebra of

Remark 3.78

Uniqueness a the statement of Theorem 3.77
is understood in the following sense We

soy that tuo he subgroups H e and

Haiti of G one equivalent if
there io a Lee group isomorphism α 17 H

such that e α p HIG

Uniqueness has to be understood up to FIT
equivalence

The proof of Theorem 3.77 relies on



8
on important result in differential
geometry We start by discussing some

motivation

Let M he a smooth momfeld and EveetTM
anch that Xp o p EM We assume

that it is complete for the aoke ofsimplicity

By Theorem 3.46 for every p E M we

con find an integral wine gp R M

of i e xp col p and Jp t Tpa
for each ER

In particular g R M in am immersion

and the tangent space of pop R in M

in the spin of of each point

Nemould like to generalize this construction
to the higher dimensional cose

For instance suppose that we have
Xa Xi E Veet M then we would like
to find a two dimensional submanifold
whose tangent space is spanned by



8 by
and Xz of each point

Exercise 3.79

Understand why such a submanifold cannot
exist in general without furtherconditions

Definution 3.80 Distributions
Let M be o smooth manifold of dimension
ntk

1 For each p E M consider an n dimensional

subspace Dp CTpM Suppose that in

a neighborhood U of any point p E M
there one n linearly independent smooth
vector fields dei h that gave
a basis of Dg q U Then me

say that
O is a smooth distribution

of dimension h and in 10

a local borns of D

2 We say that a distribution is involutive

if there exists a local boma __ Xm
of O neon to each point anch that



ti E D Haciejen

3 If D is a smooth distribution on M

and 6 N M is a oma to one

immersion we
soy

that pin is

on integral submanifold of Dif
Dpp Tp N Deep p N

4 We soy that distribution Don M is

completely integrable if it admits on

integral submanifold through eachpoint

Example 3.81

If M R XR and li fa fan 1 11 n

then D Span 111 Xm 10 am involutive
distribution

If M R then the distribution
D Spam is not
involutive

The first key theorem regarding distributions



7 8
o the following

Theorem 3.82 Frobenius
A smooth distribution is completely integrable
If and any if it io involutive

Remonk 3.83

If the distribution is 1 dimensional then
it's automatically involutive aimee

Xix 0 for any E Veet M

Then Theorem 3.82 is a consequence

of Theorem 3.46

Definition 3.84 Mocimol integralsubmanifold
Amoral integral submanifold N of on

involutive distribution D on momfold M
is a connected integral submanifold of D
whose image in M is not a proper subset of
theimage of any other connected integral
submanifold of 0

Enter the motion
of maximal integro

Theorem 3.85 curve



Given on involutive distribution on manifold
M and o point p E M there exists amique
maximal integral submanifold through p

For the proofs of Theorem 3.82 and
Theorem 3.85 see for instance
Wormer chapter I

Newell need one lost technical tool with

proof namely

Proportion 3 86
Let M be a smooth manifold and O be on

involutive distribution on M Let N bei
a maximal integral submanifold If f M M
io e smooth mop when MI is another smooth

monfold and LIM e CN then c'of
M N is a smooth map

See Wormer Theorem 1 62 fora
proof



Proof of theorem 3.77

We define a distribution Don M by setting
Dg Eh

We claim that O in a smooth distribution
Indeed if la Xd e I form a bona

off the D io spanned globally bythe
smooth vector fields XI XI

Moreover Dio involutive because I io

a Ge subalgebra of g Attrdeed if
and one vector fields lying in D then

there are smooth functions ai bi such
that Fait and biki

Hence 1 Fha b Xi Xi ai Xilby Xj
by fila Xi

belongs to O since it is a linear combination

of elements of 0 of each point

Let Hip o maximal connected integral
submanifold of O through e 00 given by



f f s 8 by
Theorem 3.85 Let

g e H Sinee
Dio invamont under left translations
also H Lg 109 is on integral
submanifold of O through e By
moximolity 4 106 H H

Therefore if g E H and g e H
them orso g g H Therefore
H G and we con induce a

group structure on H in such o

way
that

6 A G is a homomorphism

To conclude we need to check that io

a Ge group i e the original smooth structure
and the operations defined by pallung bofk
Home of H CG one compatible

Note that the mop β Ha G

19,9 619191g
is smooth by smoothness of e and of the
operations la G Moreover ithos clearly
values un H



Then if we dimate α Halt A

gig 9191

we have a commutative diagram

HAH Es G

a
H

and by Proportion 3.86 we infer that α
io smooth i e H io a he group
Therefore CH e is a he subgroup of Gand
by construction Dee h

The proof of the uniqueness partof the statement
is based on simulon ideas and left to the
reader For the detailed argument see

Wormer Theorem 3.19

In general 4 is not on embedding see Example3.75

Theorem 3.8 7

Let H e be a he subgroup of a 41 group
G Then he is on embedding iff eCHI is
closed in G



For a proof you can look of Wormer

Theorem 3.21

We now that a smooth he group
homomorphism naturally induces a Le
algebra homomorphism in Proportion
3 39 We would like to understand whether
dome converse holds

Example 3.88
Let R S be defined ora e f e

t

Then D 6 Ge R GeCSI io a

Le algebra isomorphism and so io

D p
1

Ge SI Ge R However
D p cannot be the derivative of
any homomorphism 4 S R Indeed

the image of any such homomorphism
io a compact subgroup of R Geneatrimol

Nevertheless D e comes from a local

homomorphism namely the local inversa of



In Chapter 2 we
gave the definition of

local homomorphism for topologicalgroups
For he groups the definition Gon to be

adjusted on to require additionally
smoothness

Then we have the following

Theorem 3.89
Il If G and It are be groups and it h

Isa ha algebra homomorphism of the
corresponding he algebreo then there
exiato a local he group homomorphism

a O It anch that Day T

2 If it is a he algebra isomorphism
them is a local isomorphism

Part 2 follows from part 1 mai

the following



Lemmo 3.90

If a U It is a local ha group homo
anch that Day 9 h is on

isomorphism then e is a local

isomorphism

Proof
Sane Del 10 am isomorphism by the
inverse function theorem there exist
a neighborhood U'of la G and
a neighborhood Vaf e EH anch that
6 U io a diffeomorphism
Then e o a local isomorphism an

U

Proof of Theorem 3.89
We Claim that Graph it X.IT X XEg
egah io a he subalgebra
Indeed if x y g then

XIAN YIN Xy TIMIDI
Xy xD



BaTheorem 3.77 there exists a a ha subgroup
K C G H such that he K Grophla
with slight abuse of notation

Therefore we have

Graph IT geh g
and

K Gx È G

By construction pralk K Giro a

Le group homomorphism and sto derivative
te Depralk Prg la.ph y Gnophlt j

is a Lee algebra isomorphism
Hence by Lemmo 3.90 pralk is a local
isomorphrom that io there exist nenghn
ex E W CK end cg V C G such
that pro a

W is a diffeomorphis

We con comrades then pralw W
whose derivative De prof 9 Gophit
is the mop X TIKI by constructio



y

We commder than the homomorphism
pry Ge and its derivative

De pry prn g h h incuchin a he

algebra homomorphism Them

PH Pra y
H

in the required local homomorphism since

Dee PH Palu
1

X

Dea Pra Dea Palm X

Dea Pra X X

X E g

We state without proof a deep result dueto
Ado

Theorem 3.91

Any finita dimensional real ha algebra g



my J
io isomorphic to a subalgebra of ghin R
for some n

The combination of Theorem 3.91 Theorem

3 89 and Theorem 3 77 givers

Corollary 3.92

Any he group is locally isomorphic to a

subgroup of GLI n R for some n

Moreover we have the following

Corollary 3.93
Il If Gis a commected he group with he
algebra g then there is a simply
connected he group È with Le algebra
isomorphic to 9

2 If two simply connected he groupshave
roomorphre ha algebron then they one

Isomorphre



Proof
Recall Exercise 7 Sheet 1 and check
that È con be endowed with a

unique smooth structure such that
the operations lifted from G make it
into a be group and p È G
o a smooth homomorphism whose kernel
da discrete subgroup of È
Them De P 9 io a he algebra
isomorphism This completes the proofof 1

In order to prove 2 let G Gabe

simply connected he groups with

isomorphic Le algebroo 9 fa
By Theorem 3 91 there exists a local

isomorphrom p U Ga where V

is on open neigh of la By Theorem
2 37 p extends to a homomorphism
G Gz It is possible to check
that the extension is a smooth

covering mop Exercise Sinee

Gz io simply connected the extension



ly
co on isomorphism w̅

We and this section with o brief
discussion about Canton's theorem
on closed subgroups of Le groups
and o fan related results

Theorem 3 94

Let G be a Ge group and A be

a closed subgroup of G Them H

hos a unique smooth structure compatible

with the induced topology which makes
stinto a Ge subgroup of G

Proof sketch
The main idea of the proof is to show
that
a Eg exp HX E A KTER

io a subspace of the he algebra g ora

then we can apply the following

Lemmo 3.95



Let it be a subgroup of a he group G
Let a be a subspace of the he algebrog
Let DEVO cg and e K C G
be open neighs anch that e xp V0 Va
io a diffeo Suppose that

exp Von a Ven

Them
1 H with the induced topology is a he

subgroup of G

21 9 io a he subalgebra of 9
3 a is the he algebra of
In particulon a step of the proofofTheorem
3.94 shows the following

Corollary 3.96
Let G be a he group with he algebrog
and A C G be a closed subgroup
Then to be algebra in given by
Gelt Eg expa AX EH HER



Among the consequences of Corollary 3.96
there is the following

Corollary 3.97
Let it G Gz be a smoothhome
with derivative Dit g fa Them
he Kent Ken DIT

Proof
By Corollary 3.96 he Kent

Eg it expo txt e ER

By Proposition 3.59
IT expa ta expe EDIT X

hence
Ge Kent Xeg i expa DI XD e

FER

le g DITA 03

F Ken Dit

Conollong 3.61

We end this section with a definition



g
that will turn out to be useful later

Definition 3.98 Ideal

An ideal n ino a K Ge algebrog io

a vector subspace anch that
x y Eh Eg yen

Note the he brocket on g discendo to

94 to define a Lee algebra structure
such that ti g 9h o a he

algebra homomorphism with Kent h

Conversely if 6 g fa na he

algebra homomorphism then Ken
is on ideal in Exercise


